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1. Introduction

In recent decades, studies on real-valued neural networks (RVNNs) have made significant progress, while
complex-valued neural networks (CVNNSs) have also produced valuable results in many fields [1—4]. However, they
have limitations in certain practical applications, especially in problems that involve handling high-dimensional
data. To address these issues, quaternion-valued neural networks (QVNNs) were introduced as an important
extension. QVNNs have shown great potential in areas such as wind speed forecasting, robot control, and aerospace
engineering [5—7]. Due to the unique structure of quaternions, the dynamic behaviour of QVNNSs is more complex
than RVNNs and CVNNS. In the past, most studies on QVNNs have relied on decomposition methods [8—11], but
these often lead to more complex derivations and may increase the conservatism of the results. Therefore, it is
important to find a non-decomposition method with lower conservatism to study QVNNSs.

Competitive Neural Networks (CNNs), an important category of neural networks, were first presented by
Cohen and Grossberg in 1983 [12]. In the CNNs, there exist two different categories of change states. Short-term
memory (STM) tracks rapid neural activity, while long-term memory (LTM) exhibits slow, unsupervised synaptic
shifts. As research on competitive neural networks (CNNs) has progressed steadily, numerous important findings
have emerged in the analysis of dynamic systems. Most researchers tend to focus on a single time scale when
studying the dynamics of CNNs [13—15], while overlooking the fact that multiple time scales are more widespread
during signal interactions among neural nodes. Therefore, the study of CNNs with multiple time scales can extend
many previous works, making it a more meaningful area of research.

Although the dynamic characteristics of QVNNs and CNNs have been widely studied, there are still very few
papers that combine the advantages of both. Existing research often focuses on their individual applications, such as
the role of QVNN’ in multi-dimensional signal processing [16], or the performance of CNNs in competitive dynamic
models [17]. Few studies in the literature integrate both features, which limits the ability to deeply explore scenarios
where high-dimensional data and competitive dynamics are present together. Therefore, this study introduces
quaternion-valued competitive neural networks (QVCNN5), combining the strengths of both, and further expanding
the potential of neural network models.

Synchronization, a vital dynamic property of neural networks, appears commonly in nature and remains a key
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focus of research in recent years. In the 1990s, Pecora and Carroll were the first to investigate two chaotic systems
with different initial conditions, proposing a synchronization method for drive-response systems [18]. This marked
the beginning of a new era in the study of synchronization phenomena. Synchronization appears in diverse types,
including complete synchronization [19], projective synchronization [20], and exponential synchronization [21],
among others. Among them, projective synchronization is quite special because it can achieve various forms of
synchronization by adjusting the proportional factor. It has shown better performance in fields like computer vision
and medical imaging [22,23]. Furthermore, most previous studies treated the projective coefficient as real-valued.
Compared to real-valued projective coefficients, quaternion-valued projective coefficients can enhance the diversity
and complexity of synchronization, making the results more general.

When studying the synchronization of neural networks, we often encounter factors such as discontinuous
activation functions and time delays. Discontinuous activation functions are common in complex systems. Unlike
the smooth changes seen in traditional models, these functions can better reflect the dynamic behaviour of real
networks [24]. Time delays refer to the lag in the feedback or input signals within the system, which can make
the system’s behaviour more complex, especially when multiple time scales are involved, potentially leading to
phenomena like bifurcation and chaos [25]. Therefore, considering discontinuous activation functions and time
delays plays a vital role in improving the robustness and real-world utility of neural networks.

Building on the preceding analysis, this study explores the projective synchronization of QVMTSCNNS. The
primary contributions of this work are outlined below.

1. This research first incorporates multiple time scales into QVCNNs, which makes the dynamical behaviour
more complex. The previous results in [13,26] can be seen as a particular circumstance of this paper.

2. We establish two innovative and succinct conditions to achieve projective synchronization of QVMTSCNNs
using a non-separation approach. The results are represented by algebraic inequalities, which are easy to
be verified.

3. Novel controllers for synchronization are formulated, independent of the time scale ratio, and designed to
mitigate the ill-conditioned issue as the small parameter approaches zero.

Notations: Hi, @, I@", and @” represent real numbers, quaternion numbers, n-dimensional real vector spaces,
and n-dimensional quaternion vector spaces, respectively. Let I= {1,2,...,1} and W= {1,2,...,W}. Consider
A= AR+ (Al + jAY + AAK € Q, where AR, AT, A/, AK € R. Hamilton’s rules state that (2 = ;2 = 2 = —1
and ij = K, jE = i, ki = j. A, A", ||A]l; = doxe(rraiy M Az = VAN denote the conjugate, the
conjugate transpose, the 1-norm, and the 2-norm, respectively.

5>

2. Preliminaries
Consider the QVCNNs model with multiple time scales as described below:

I w
STM : eip(t) = — apxp(t) + Z bns fs(zs(t)) + En Z T;2n;(t)
s=1 Jj=1
I (1)
+ Z Chsfs(xs(t - ﬂ-s(t»)v

LTM : 2;(t) = — dpzn;(t) + X fu(zn(t), hysel,jeW.

where z,(t) € @ denotes the state variable of the hth neuron, z;(t) € (@ refers to the neuron’s synaptic strength,
ap, > 0 represents the self-regulation constant. The parameters by, Chs € @ indicate the connection weights, f4(-)
is a discontinuous activation function. Y ; is the external input, dy,, £}, € ]IA%+ denote constants, € indicates the time
scale factor, the time delay m4(t) is such that 0 < 7, (¢t) < 7.

Define P (t) = Z]w;l Yjzp;(t)and ¥ = (Y1, Yo,..., Tw)T, where Y is normalized, i.e., ||Y||3 = 1. So,
system (1) can be described by:
I
STM : ein(t) = — anzn(t) + > bnsfa(ws(t)) + EnPa(t)
s=1
@)

+ Zchsfs(xs(t —ms(t))),

s=1

LTM : Py(t) = — dy Pu(t) + fa(zn(t), hel.
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The initial conditions are listed below:

~

xzp(1) = Ap(1), Pu(r) = Bi(r), 7€[-7,0], hel,

where Ap,(7), By (7) are continuous on [—7, 0].
The slave system for Formula (2) is presented:

STM : ejn(t) = — anyn(t) + Y bnafa(ys(t) + EnQn(t)

I 3
—’—ZCthS(ys(t—71'5(15)))—‘,—uh(t)7 3)

s=1

~

LTM : Qu(t) = — dnQn(t) + fa(yn(t) + va(t), hel.

In which up(t), v, (t) denote the controllers, yp,(t), Qn(t) are the response states of the hth neuron.
The initial conditions are stated as:

~

yn(7) = An(7), Qn(r)=Bu(r), 7€[-7,0], hel,

where A, (1), Bj,(7) are continuous on [—7, 0].
The assumptions are as follows:

Assumption 1. [/5] For each p € 1, the function f,(x,) can be expressed as:

fp(xp) = ff(xp) + if;{(%)) + jf;{@p) + ﬁf;{(mp)a
which is continuous except at a countable number of isolated points 0%, where the limits Iy (9;) and f]j (92) exist.
Furthermore, the number of jump discontinuities of fy(x,) within any bounded compact subset of @ is always finite.
Assumption 2. For each k € IA there are Ly, > 0 and H;, > 0 such that:
Vi — Xelle < Lillyr — xlli + Hy, and || f(xp) |l < My, 1=1,2,

holds for xy, y. € Q. X, € @l fu(wr)], Yi € | fi(yn)]. Here, @[f ()] = [ (), f(-)], where [(-) and f{(-) denote

the minimum and maximum between f*(-) and f~ (), respectively.
For convenience, we provide the following definition:
Definition 1. [4] A vector function F(t): [-7,To) — @21, is defined as:
F(t) = (z1(t), 2o(t), ..., x1(t), P(t), Po(t), ..., Pr(t)T,
F(t) = (Ai(8), A2(1), ..., Ar(8), Bi(t), Bo(0), ..., Br ()"

where Ty € (0, 400), is defined as a Filippov solution to system (2) on the interval [—7, Ty), if it meets these criteria:

(1) F(t) exhibits absolute continuity in [0,Tp);
(2) For the measurable function X (t) = (X1(t), Xa(t), ..., X1 ()T in [0, Tp), satisfying Xs € c0[fs(zs(t))],
then:

I
STM : eip(t) =— ahwh(t) + thSXs(t) + EhPh(t)
s=1

I 4
) ens Xo(t — mo(1)), @
s=1

~

LTM : Py(t) = — dpPy(t) + Xu(t), hel,

at almost every point t in [0,Tp) (a.e.).
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Comparable to system (2), there exists Ys(t) € o[ fs(ys(t))], we have:

I
STM : € (t) = — anyn(t) + Y _ bnsYa(t) + EnQn(t)
s=1
I
+ 3 enaYalt — ma()) + un(t),
s=1
LTM : Qu(t) = — dpQn(t) + Ya(t) + va(t), hel,

at almost every point t in [0,Tp) (a.e.).

&)

Let ep(t) = yn(t) — pap(t),on(t) = Qn(t) — anPn(t), where &y, € Q, h € I, denotes the projective

synchronization error.
Thus, the error system for Formulas (4) and (5) is:

STM : eép,(t) = — anen(t) + Z bis (Ys(t) — anXs(t))

n Zchs (t —ms(t)) — o Xs(t — 7s(1)))

+Eh0'h( )—l—uh( ),
LTM : 64(t) = — dpon(t) + Yi(t) — an Xn(t) + vn(t), hel.

Definition 2. Assume there are &y, € Q that satisfies:

lm ||yn(7) — &ran(7)|lo =0, lim ||Qn(7) — &nPr(7)|lo =0, o0=1,2,
T—+00

T—+00

the systems (4) and (5) achieve asymptotic projective synchronization with the coefficient &ip,.

(6

Remark 1. When investigating projective synchronization, most studies have focused on projective coefficients
within the real and complex domains [27-29]. In contrast, this paper considers projective coefficients in the

quaternion domain, making the obtained results more general.
Definition 3. For any 0 = 0% + 07 + j07 + kO ¢ @, the sign function of 0 is given by:
sgn(0) = sgn(07) + isgn(01) + jsgn(6”) + hsgn(8%).

Lemma 1. [30] For each h € f, ifzy, >0,and 0 < p <1, then 2;11:1 x> (2;11:1 xp)P.

Lemma 2. [31] Assume X € @" and Y € @", the following inequalities and identities hold:

()X sgn(Y) + sgn™(Y).X
< Xsgn(X) + sgn” (X)X = 2| X1,
(2) DT (X*sgn(X) + sgn*(X)X)
= sgn” (X)X + X" sgn(X), || Xl #0,
GNXYl < XYy T=1,2,
(4)sgn™ (X)sgn(X) = |[sgn(X)][1,
G)X*Y + Y X <X X +Y*Y,
(6)2* = [|X[3-
Lemma 3. [32] Consider V(1) as a continuous positive-definite function that satisfies:

V(r) < —CV(r)P, ¥r>0,V(0)>0

where ¢ > 0,0 < p < 1. Then, V(T) approaches zero within a finite settling time T < %7

vr>T.

and V(1) =
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3. Main Results

In this part, we develop two controllers and set rules to ensure that the systems (4) and (5) can achieve both
asymptotic and finite-time projective synchronization.

3.1. Asymptotic Projective Synchronization of QVMTSCNNs

For the purpose of attaining asymptotic projective synchronization, the subsequent controllers are developed:

() = — er (1) — 1 En®)

n(t) Anen(t) Mh|\eh(t)||2 @)
o (t) — g, D)

on(t) = — dpon(t) AEAOIS

where Ap, iy, O, By, > 0,and h € 1.

Theorem 1. Based on Assumptions 1-2, the master-slave system (4) and (5) can achieve asymptotic projective
synchronization with controller (7), if there exist scalars Ay, By, Cp, and Dy, such that:

Ah < 0, By < O, Ch < O, Dy, < O, (8)

where

I
Ap = —=2an + By + Ly — 2\ + Y (Ll [basll2 + Lnl[brs]l2) ,
s=1
I

By = —2pu,+2) (Hs + Ms(1+ lanll2)) - |lbns|l2

s=1
I

+2) My(L+[1anll2) - llens|l2,

s=1

Ch = —2dp, + Ly, + Ej, — 26y,
Dh=2Hh+Mh(1+|‘ééh|‘2)—ﬁh, th.

Proof. Select the Lyapunov functional:
V(t) = Vi(t) + Va(t)

I
Vi(t) =€) en(en(t),  Va(t) =Y oh(t)on(t). )

. :
+ e[ = anen(t) + > bao(Ya(t) — anXo(t)
h=1 s=1

I
+ Zchs(yvs(t — Ws(t)) — dhXS(t - Ws(t))> + Eh(fh(t) + ’U,h(t)}

I I
=23 anef(Den(t) + S [uh (Ben(t) + e (Dun(t)]
h=1

h=1
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I I
+ > (Yal) = an X))y gen(t) + € (6)bns (Ya(t) — an X (1)
h=1s=1
1 I
Y (Yl = mo(t) — anXo(t = m(1))) ¢ pen(t)
h=1s=1

+ep(t)ens (Ys(t = ms(t)) — anXs(t — ms(1)))

I
+ Buloj(ten(t) + eh(t)on (1))

h=1

By Lemma 2, one gets
I I
—QZaheZ(t)eh(t) = —QZahHeh(t)Hg. (10)
h=1 h=1

With reference to Assumptions 1-2 and Lemma 2, we obtain

(Ys () — anXs(8)) bhsen(t) + €5,(8)bns (Ys(t) — anXs(t))

17
M-

>
Il
-
»
Il
_

]~
M~

[fs(ys(t) - fs(dhxs(t)) + fs(dhxs(t)) - dhfs(xs<t))] *szeh(t)

h=1s

Il
-

+ e;kl(t)bhs [fs(ys(t) - fs(dhl‘s(t)) + fs(@hms(t» - dh(fs(xs(t)ﬂ
<23 S [fs s (1) = fa(@nza(t) + fo(Gnas(t)) — énfol@s())bas||2 - |len(t)]]2

h=1s=1

<2ZZ|\fs ys(t)) = fs(@nzs()ll2 - [[bns]2 - [len(®)]]2

h=1s=1

+ [[fs(anes(t)) — anfs(ws(t))ll2 - [|bns|l2 - [len(®)]]2

I
Y (Lalles@®)llz + Hy) - llbasllz - llen(t)l]2

1s=

+ My(L+ ||anll2) - [[bnsll2 - [len(®)]l2

M~

<2
h

=

M~

IA

2

h=1s=1

L 4
Zi (Iles(®)113 + llen(®)13) - [1bns||2
(

+ (Hs + M (1 +[|anll2)) - |[bas|l2 - [[en(t)] 2

I I I I
=3 > L llbnsllz - Hlea(®II3 + YD~ Lo [basll2 - llen(®)[3

h=1s=1 h=1s=1
1 I
+2) > (Ho 4+ Mo(1+ lanll2)) - llbns]l2 - llen ()2, (11
h=1s=1
similarly
I I
DD (Yt = ms(t) — anX(t — ms(1))"chaen(t)
h=1s=1

+ eZ(t)chs(}/s(t - 7Ts(t)) - é‘th(t - 7Ts(t)))

I I
<2 D Ifslys(t = mo(1)) = anfi(as(t = ms(O))llz2 - llens|lz - llen(®)]l2

h=1s=1

I I
<2 0N M(L+[|anll2) - [lenslla - llen(®)ll2, (12)

h=1s=1
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and
I

I
Z t) + e (t Z (len ()3 + llon(®)]3), (13)

and

Zuh Jen(t) + ep,(t)un(t)

en(t) = » en(t)
—Z — Anen(t Mh||6h(t)|\2) eh(t)+€h(t)(—/\h6h(t)—MhHeh(t”b)
I
=—2) " (Mllen(®)l3 + mnllen(®)ll2) - (14)

h=1

Moreover, for Va(t):
1
D*V(t) = 3 63(0)ont) + 07 ()6m (1)

= ( dron(t) + Yu(t) — anXn(t) + va(t)) on(t)
+ 0, (t)(—dnon(t )+Yh(f) — apXn(t) +vn(t))

:_QZdha;;(t)ah +th on(t) + o (t)va(t)

“on(t) 4+ op () (Ya(t) — anXa(t)),

HM~
T
S
>
w

similarly
I I
—2) " duop(H)on(t) = =2 dnllon(t)]]3, (15)
h=1 h=1
and
I
Z t) — an Xn () on(t) + or(t)(Yi(t) — anXn(t))
§2Z (Y () = anXn(t)ll2 - [lon(®)l]2
<2Z Ly - llen(Oll2 + Hp + My (1 +[|anl2)) - [lon(t)]]2
=2ZLh Nlen®ll2 - llon(®)ll2 + (Hn + Mu(1 + [[anll2)) - [lon(t)]l2
h=1
Z (len (113 + llon@®II3) +2Z Hy + Mp(1+ [|an]l2)) - [lon(t)]l2, (16)
h=1 h=1
and

v (H)on(t) + o (t)vn(t)

M~

h=1
5™ (= 500n®) — 0= 2D ) 0 4) 030 = dnrn(t) — 22y
T~ RTRE huo—h(m o h e "lon®]]2
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I

==2% (Gullon(®5 + Bullon(®)ll2)- (17)

h=1

Combining the above Formulas (10)—(17), we obtain:

I
DYV (t) _—QZ%H@h N =2 Gullon®)]3 + Bullon(t)]]2)
h=1

I
Ly - [[bnsllz - [len ()3 + ZZLh [1bnsll2 - [len (113

h=1s=1

M~
M~

+

>
Il
—
[

&
MN Il
M-t

(Hs + Ms(1+ [|anl[2)) - [|bnsl]2 - [len(t)]]2

h=1s=1
I I I
+2) > M (1 ||anlla) - llensllz - [lea(®ll2 = 2D dallon (@[3
h=1 s=1 h=1
I I
+ > Enlllen®)5 + [lon(®)l13) = 2D (Mnllen(®)|[5 + pnllen(®)]]2)
h=1 h=1

+ > Lu(llea(®)ll3 + llon(®)]]3)

h=1

I
+ 2Z(Hh + Mp(1+|[|anl2)) - [lon(®)]]2
h=1

=" Anllea®I3 + D" Bullen(t)]l2

h=1 h=1

I I
+> Cullon®5+ > Dallon(®)|l-
h=1 h=1

A
Let0 < G < min{——h7 —C}}, then, according to inequalities Formula (8). We have:
€

I I

DV (t Z Anllen®I3 + > Cullon(®)]13 < -GV (t). (18)

h=1 h=1

By integrating both sides of Equation (18) and considering the limit as ¢ — 400, we obtain the following result:

lim V(t) < lim C'e %" =0, C' eR. (19)

t——+oo t— o0

Combining the aforementioned discussions, then:

Jim lyn(t) = drzn(t)llz = 0, lim [[Sk(t) = GnBa(t)]2 = 0. (20)
By Definition 2, the master-slave systems (4) and (5) achieve asymptotic projective synchronization. The
proof is finished. [J

Remark 2. Notably, choosing different projective coefficients &y, results in varying synchronization forms between
Formulas (4) and (5). Specifically, when &, = 1, projective synchronization becomes identical to complete
synchronization. Conversely, when &, = —1, it transforms into anti-synchronization.

Remark 3. When discussing the dynamical properties of QVNNs, many papers employ decomposition
techniques [3,33,34), which generally involve more complex derivations. However, in this paper, we fully utilize the
properties of quaternions and use a non-decomposition approach, thereby reducing conservatism.

Remark 4. Unlike the Lyapunov function constructed in [13], we construct an e-dependent composite Lyapunov
function based on time scales, which significantly reduces the computational load associated with differentiation.
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3.2. Finite-Time Projective Synchronization of QVMTSCNNs

To realize finite-time projective synchronization, the following controllers are developed:

{uh(t) = —nen(t) — Onsgn(en(t)) — ynsgn(en(t))llen(®)]]]

21
op(t) = — kpon(t) — Qusgn(on(t)) — tsgn(on(t))llon ()17,

where 75, VY, Kby thy, On, Qp > 0,0 < p< 1,and h € f

Theorem 2. Given Assumptions 1-2, the system described by systems (4) and (5) can attain finite-time projective
synchronization using the controller (21), provided the following inequalities hold:

I I
DD [(Hs + ML+ [[an]11)) - [1bnsll + Mo (1 + [Janl) - llenslli]

h=1s=1
I I
+ D [Hi+ My(1+[[@n[1)] < ) (On + D),
h=1 h=1
I
—an+ > Ln-|lbnslls + Ln <nn, Bw—dn <rkn, hel (22)
s=1
One can estimate the setting time by :
1-p

(Shes llenOll + i llon(O)11)
T < )
F(1-0p)

where 0 < F < min{&,q}.
€
Proof. Consider the following Lyapunov functional:

V(t) = Va(t) + Va(t)

I
Vi(t) =5 > (sgn*(en(t))en(t) + e, (t)sgnen(t)))
1 h;l (23)
Va(t) =5 > (sgn*(on(t)on(t) + o7 (t)sgn(on(t)))
h=1

h=1
I
:% sgn*(en(t )) —apep(t) + ths (1) — anXs(t))
h=1
I
+ D ens(Yalt = ma(t)) — anXa(t = ma(1)) + Enon(t) + un(t)]
I
+%Z [ — anen(t Zchs s(t = ms(1) — anXs(t — ms(2)))
h=1

=
+ Z bis(Ys(t) — anXs(t)) + Enop(t) + un(t)] “sgn(en(t))

= _%h [sgn* (en(t))en(t) + e (t)sgn(en(t))]

h=1
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I I
+ % Z Z sgn*(en(t))cns(Ys(t — ms(t)) — anXs(t — ms(t)))

s=1

>
Il
—
»

+ (Yt = ms (1) — anXs(t — 7s(t))) " cpss9n(en(t))]

I
+ 5 3 Bulsgn’ (en()on(t) + o7 (0)sgn(en(n)]

I
1
+3 > sgn(en(t))un(t) +uj,(t)sgn(en(t)).
h=1
By Lemma 2, one has
I I
Z: fgh sgn” (en(t))en(t) + e (t)sgn(en(t Zah\lffh - 24)

The subsequent proof follows the same method as Theorem 1, and thus the calculation process is simplified

I I
>N [sgn® (en(®)bns(Ya(t) — anXs(t) + (Ya(t) — 6nXo(1))*bhgsgn(en(t)]

h=1 s=

N =
—

[”fs(ys(t) - fs(&hxs(t))nl + ||fs(dxs(t)) - é‘hfs(xs(t))ul} . thsHl

-
M-

h

I
-

1ls

~

]~

[(Zslles(®ll + Hy) + M(1+ [|énll1)] - [[bnsll

h=1s=1
I I I I
=223 Lo lbmslly - llen(@lls + D7 D (Ha + M1+ [[anll) - [ousllr (25)
h=1s=1 h=1 s=1
similarly
1 I I
3 D lsgnt(en())ens(Yalt — ma(t) — anXs(t — ms(t)))
h=1s=1
+ (Yt = ms(t)) — an X (t — ms(2))) " cps59m(en(t))]
I I
<D Mens(Yalt = mo(t)) — an X (t — mo(1)))] 1
h=1s=1
I I
<D M+ [[anlh) - llens| 1, (26)
h=1s=1
and
1 1
52 nlsgn”(en(t))on(t) + oy, (t)sgn(en(t ZEhllah )1 27)
and

— Z sgn*(en(t))un(t) + uj (t)sgn(en(t))

=3 Z sgn” (en(t))(—mnen(t) — Onsgn(en(t)) — ynsgn(en(t))llen(t)]?)
h=1
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+ (=mmen(t) — Onsgn(en(t)) — ymsgnlen(t))llen()l7)" sgnlen(t))
1

I
Z —nnllen(®)|[r = vnllsgnlen(®))ll1]len(t) Z (28)

Moreover, for V5 (t):

I

DVat) =3 3 [sgn* (0 ()0 (t) + 53 (1) sgn(on (1)

h=1
I
%ngn (on(t)(—dpon(t) + Yi(t) — anXn(t) + vn(t))

+ (—=dpon(t) + Ya(t) — apXn(t) + vn(t))"sgn(on(t))

I
5 i [sgn* @n(0)on(0) + 0} (1)sgn(o (1))
1 h;l
+3 ; sgn’*( Yi(t) — anXn(t))

+ (Ya(t) — anXn(t))"sgn(on(t))]

+ - ngn on(t)vn(t) + vi (t)sgn(on(t)),
similarly
I
~3 2 dlsan eu(O)on ) + i samion Zdhnoh i @9)
and
I
> %[Sgn*(ah(t))(yh(t) — apXn (1)) + (Ya(t) — anXn(t))"sgn(on(t))]
h=1
I
< VR = anXa @l < D [(Lallen(®)]lr + Hy) + My (1 + ||an)]; (30)
= h=1
and

- Z sgn™ (op(t))vn(t) + vy (t)sgn(on(t))

=3 Z sgn™(on(t))(—knon(t) — Qusgn(on(t)) — twsgn(on(t))|lon(t)]]7)

+ (—rnon(t) — Qusgn(on(t)) — tsgn(on(t))l|on(®)]7)"sgn(on(t))

~

I
Z [—rnllon(®lls = wnllsgn(on)lsllon®OIIF] =D . 31

— h=1

By organizing the above Formulas (24)—(31) and inequalities (22), then:

I I I
D*V(t) Zahlleh 1+ D> Lo [bslla - llen(®lh = > mllen(®)h
h=1

h=1s=1

I
+ ZZ(HS + M(1+ [[anl[) - llonsl [y = D mallon(®)]]s
h=1

h=1s=1
I I I
A M1+ lanlh) - llenslh = wllsgn(on @)l llon )]
h=1s=1 h=1
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—Z%HSgneh Dllallen(t) ZthUh ||1+ZEh||0h Ol

I I I

+ ) [(Lnllen(®Ih + Ha) + Ma (L + [|én]]1)] Z@h_ZQh

h=1 h=1

%Z\Isgn en(D)l1llen(t) *LhZIISyn an()1llon(®)]17-

According to lemma 1, and ||sgn(en(t))||1=0 or 1, ||sgn(on(t))|[1=00r 1. let 0 < F' < min{’y—h, th}, then:
€

I I
DFV(t) < = F(Y_ ellen®)lIf + D llon(®)IIf)
h=1 h=1

= FQYellen®)lls + Y [lon(®)ll1)” = =FV (1)".
h=1 h=1

Using Lemma 3, the master-slave systems (4) and (5) can achieve finite-time projective synchronization, with
the settling time estimated by:

V' (Zhes ellen(O)ll + iy llon()l) "
T F(1-p) F(1—p)

We have completed the proof. [J

Remark 5. The synchronization of CNNs has been explored in [14,35], yet these studies overlooked the impact of
time delay. Since time delay is an inherent characteristic of neural networks, affecting their oscillatory behaviour,
its consideration is essential.

4. Numerical Simulation

This section demonstrates the validity of Theorems 1-2 through two examples.
Consider the QVMTSCNNs model:

STM : ein(t) = — anwn(t) + > bnsfa(ws(t)) + EnPa(t)

2 (32)
+ Z Chsfs(xs(t - Trs(t)))a
s=1

LTM : Py(t) = — dpPu(t) + fa(zn(t)), h=1,2.

where € = 0.2,&1 = az = 3,d1 =dy = 2.8,E1 = 1.2,E2 =1, and Ws(t) = 0.8Sin(t) + 1.0, fé(e) =
0.1[(sin(6%)+0.01sign(67))+i(sin(6")+0.01sign(67) )+ (sin(6”7 )+0.01sign (7)) +4 (sin (6% )+0.01sign(65))].

(b Yoy — (061102 —0.58] +0.326 0.94—0.71i +0.25] — 0635
227 0\0.10 +0.75{ — 1.02j — 0.884 1.43 — 0.22{ — 0.51 + 0.394 )’

and
0.22+0.21¢ — 0.145 — 1.094 0.74 — 1.25{ +0.755 — 0.20/%)

(cij)2x2 = (1.15 —1.28( —0.26 + 0.60f 1.92 4 0.41i — 1.83; + 0.794

The slave system is defined as:

STM : eji(t) = — anyn(t) + Y busfs(ys (1)) + EnQn(t)
s=1

+Zchsf5 ys ( )))"’Uh(t)

LTM : Qu(t) = — thh( )+ fu(yn(t)) +on(t), h=1,2,

(33)
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the variables of system (33) are the same as those of system (32).
First, we show the asymptotic projective synchronization of the master-slave systems (32) and (33) using the
controllers given below:

_ en(t)
unlt) = Anenlt) =i T 34
on(t) = — Guon(t) — a2t 1
n(t) = — dnon(t) ﬁh||ah(t)||27 =1,2.

It is easy to compute that L; = Loy = 0.1, H; = Hy = 0.02, and M; = M, = 0.404. The projective
coefficients are chosen & = 0.5 — 1.1{ +0.15 — 1.0, &2 = 1.4 4+ 0.3( + 0.75 — 0.3%.

Taking the control parameters \;y = Ao = 0.6, 41 = po = 7,61 = do = 1.4, 81 = B2 = 1.2. Then, all the
requirements of Theorem 1 are met. Randomly select 6 sets of initial values. The systems (32) and (33) can achieve
asymptotic projective synchronization with controller (34), which is shown in Figures 1 and 2.

Secondly, we show the finite-time projective synchronization of the master-slave systems (32) and (33) using
the following controllers:

{Uh(t) = —men(t) — Onsgn(en(t)) — nsgn(en(t))llen(t)]7 35)

OR(t) = = Kkpon(t) — Qsgn(on(t)) — whsgn(on(®))llon(®)|lf, h=1,2.

Select ' = 0.5,m1 =12 =5,k = kg = 25,71 =2 = 04,11 =12 =0.6,0; = O3 =8,y =y =
4,p = 0.7. Then, all criteria in Theorem 2 are satisfied. Randomly select 6 sets of initial values. Therefore,
the systems (32) and (33) achieve finite-time projective synchronization with controller (35), as illustrated in
Figures 3 and 4. The settling time is calculated as T = 7.6s.

a b
5
| r) 5Hh i)
_ ==& \ ———e ()
= | ey (t) = |\ ey (1)
0o \ = N
=5 . -5 Y
7 o 7 RO
0L 5oL Se==
= | /7 = | [
__:tf __.'f/ T*-: /‘f
= / Y 1
! {
j |
5 -5
0 4 8 12 16 20 0 4 8 12 16 20
t t
c d
4 6
= | P
= 2k ey (t) = 4 ey (1)
= A =
__.qj*\u \ \\ N quw 2 \\__-“
= e = Ny
% 0 '_,;‘f""_..//’r % \R'\‘;,_‘
= [/ s O —
— g — o
5.-2p = |,/
'/ -
f g2}/
-4 -4
0 4 8 12 16 20 0 4 8 12 16 20
t t

Figure 1. States of e (), ¢!(t), ¢/ (¢), and ¥ (t) of Systems (32) and (33) with controller (34).
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Figure 2. States of 0" (t), 0% (t), 07 (t), and o (t) of Systems (32) and (33) with controller (34).
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Figure 3. States of e (t), ¢?(t), 7 (t), and ¥ (t) of Systems (32) and (33) with controller (35).
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Figure 4. States of 0" (t), 0% (t), o7 (t), and o*(t) of Systems (32) and (33) with controller (35).

5. Conclusions

This paper establishes a quaternion-valued competitive neural network model under multiple time scales
(QVMTSCNNS5) and investigates its asymptotic and finite-time projective synchronization problems. The results
are validated through two numerical simulations. Future research will focus on exploring additional types of
synchronization in QVMTSCNNS.
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