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Abstract: The principal purpose of this work was to study the spread of brucellosis in the state of Sao
Paulo with the help of the complex network theory and to propose control measures for its eradication.
For this, the scale-free model of complex networks, widely known in the literature, was used. The effect
of vaccination was verified in each of the municipalities in the state of Sdo Paulo and it was observed
that when heterogeneity is not taken into account, vaccination becomes ineffective for the eradication of
the disease.
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1. Introduction

Bovine brucellosis is one of the most important infectious and contagious zoonotic disease that hinders live-
stock productivity and consequently causes major economic losses to producers [1—3]. It is a cause of great concern
in places with important agricultural activities, such as in Central and South American countries. Due to this scenario,
several countries have already adopted official control programs, with the purpose of reducing impacts caused both
on human and animal health. The Ministry of Agriculture, Livestock and Supply (MAPA) of Brazil instituted in 2001
a national program to efficiently fight these two diseases [4]. Therefore, strategies that can assist in understanding the
dissemination and prevalence of bovine brucellosis are becoming increasingly necessary. An approach that has been
successful in this regard is mathematical modelling, which allows the purpose of strategies to understand the epi-
demiological impact of a vaccine on a herd [4—8]. Mathematical modelling is commonly used in epidemiology
through a compartmental approach, with the use of compartmental model (Susceptible Infected Recovered SIR).

In particular, for the bovine brucellosis several contributions have been published through a compartmental
approach using ordinary differential equations [4, 9, 10], Individual/Agent Based Model [11, 12] and theory of com-
plex networks [13—15]. Two of these contributions have drawn attention, as they are two essential techniques in
reducing the prevalence of bovine brucellosis. The first one, proposed by Souza et al. [4] is an adaptation of Amaku
[16] which uses the combination of two vaccines (B19 and RB51) for a significant decrease of bovine brucellosis.
The second one, proposed by Lentz [17] which looks at how infectious diseases can spread through the livestock
trade. Although these two articles describe significant advances in brucellosis modelling, Souza [4] has only consid-
ered a population of cattle with a fixed percentage of vaccination, and Lentz [17] has investigated the spread of bru-
cellosis in a trade network and does not consider vaccination. According to [ 18] uniform vaccination is ineffective for
the eradication of diseases in heterogeneous populations. Therefore, it is necessary to consider the heterogeneity of
the cattle trade and the individual vaccination of each municipality. To satisfy these needs, in this work a combina-
tion of a compartmental model with complex networks was used to write the dynamics of bovine brucellosis in herds
in the state of Sao Paulo.

The compartmental models and complex network theory have been increasingly employed in modelling infec-
tious processes [19, 20]. Recent studies have shown that complex networks are a natural support for the study of the
spread of infectious diseases in humans and animals [21—23]. We can cite some examples of the use of real animal
networks in the spread of diseases, such as in [24], where the authors have used location of animals with high tempo-
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ral and spatial resolution. The authors in [25] have studied the combination of movements of cattle and sheep, while
authors in [26] have combined the livestock movement network with a layer of spatial contact between the wards.

In this work, the optimal vaccination was investigated considering each city in the state of Sdo Paulo as a single
entity. The state of Sao Paulo can be seen as a good case study, as it presents substantial complexity and enough data
to carry out our investigation. This state presents a dimension similar to some European countries, such as Spain. In
addition, parameters and real data from herds in the state of Sdo Paulo (Brazil) were used. The results show that the
heterogeneity of connections has a strong influence on the spread of brucellosis and that when we assume only one
optimal vaccination for the entire state, it is ineffective. The application of engineering and control theory techniques
has brought some light on epidemiological problems and shown that such problems are relevant. In our previous
work [27], optimal control has been employed to give some insights in situations where there is no model, or the
model is very poor. The control law of optimal control defines a decisive approach of vaccination in the beginning of
an epidemic. Our society has been faced with an unprecedented challenge with the Covid-19 (Coronavirus Disease
2019), and works like that show that a quick response is really important to mitigate the effects of the epidemics.
Therefore, we hope that this article can increase the awareness for policy-makers in order to distribute the vaccine as
much as heterogeneously as possible. The main contribution of the paper was the application of optimal control to
show the importance of a heterogeneous vaccination policy in order to improve eradication efficiency. A real net-
work in the Sao Paulo state was used to distinguish a state level uniform vaccination and local (municipal) level of
vaccination. We have shown that using the same level of vaccination, same cost, a heterogeneous policy was able to
eradicate the disease, different from what was observed in a homogeneous approach.

The rest of this article is organized as follows: after this introduction, section 2 describes the compartmental
model used. Complex networks are presented in section 3. Optimal Control is presented in section 4. The results are
presented and discussed in section 5.

2. Basic Concepts

2.1. Compartmental Model

A compartmental model was proposed by Souza et al. [4] to simulate the dynamics of brucellosis in a given
population of bovine females in the rearing system for production of milk. The population can be divided into six
compartmental classes, that is, susceptible females (S'), vaccinated females (V, and V), primiparous and multiparous
females latents (L, and L,) and, finally, primiparous and multiparous females infectious (/; and /).

Figure 1 shows a flowchart of interactions between bovine females of the classes S, Vi, Va, Ly, I1, L, and I,.
The parameters u, B, v, 6, @ and n represent mortality, contact, infection, latency, abortion and, birth rates, respec-
tively. It is observed that a p proportion of calves born to infected mothers becomes a latent carrier, a p portion of
susceptible individuals is vaccinated with R19 by moving to the vaccinated 1 state and a » portion of susceptible
individuals is vaccinated with RB51 by moving to the vaccinated 2 state.
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Figure 1. Schematic representation of the compartmental model developed by Souza et al. [4] consisting of suscepti-
ble bovine females (s), primiparous latent (,), primiparous infected (7,), multiparous latent (Z,), multiparous infected
(1), vaccinated with R19 (v,) and vaccinated with RB51 (v»).

From the flowchart shown in Figure 1, brucellosis can be dynamically described by the following set of equa-
tions:
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where N accounts for the total number of bovine females: N =V + V, + L +S + I, + L, + I,. The size of the popu-
.. dN
lation is constant o = 0, therefore:
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Because of the ease with which domestic animals can be transported and traded, brucellosis has spread over
long distances. The interactional nature of the brucellosis prevalence in multiple regions calls for in-depth discussions.
As a result, the patch model was used in this study to describe brucellosis between distinct regions, more specifically
the model considers the immigration and emigration of animals among n patches (see Figure 2).
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Figure 2. Schematic diagram of cattle migration. Red solid line represents the migration and cattle emigration among

patches.

By rewriting our system, we get:
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where a;; with (j # i) represents immigration rate of cattles from the jth patch to the ith patch. The variable a;
denotes emigration rate of the cattles. They satisfy the following relationship in (9).

2.2. Complex Networks

A complex network R = (V,E) is described by a set of N vertices V = {v,v,,...,vy} and a set of M edges
E ={ey,e,...,ey}, where ¢; = {(a,b)|a,b € V}. In several real networks, edges are associated with weights to repre-
sent distances, capacity, traffic or some other measure of connection between two vertices, in this case, the network is
represented by R = (V,E, W), where W = {w;,w,,...,wy} constitutes a set of weights of the A7 edges [28].

A network can be expressed mathematically by an adjacency matrix Ay, where if two vertices v; and v; are
connected, the position a;; will be equal to 1 representing presence of an edge; otherwise, it will be zero. In a net-
work with weight Wy, the position w;; will be equal to the weight of the edge that connects v; and v; [29]. Recent
investigations have presented the theory of complex networks as a natural support for the investigation of disease
propagation [30], contributing to the study of structural characteristics and helping to better understand their implica-
tions. Many complex networks models have been suggested in the literature with the aim of reproducing patterns of
connections found in real networks [28].

In this work, the scale-free network model proposed by Barabasi and Albert [31] was used to investigate the
spread of bovine brucellosis in the state of S&o Paulo, as it can generate networks with structures more similar to
those of real.

3. Optimal Control

An optimal control was proposed to reduce sick cattle and the percentage of vaccinated cattle. For this, you
want to minimize the value of the following performance index:
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N
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where, T is the final time, N is the number of cities, A, and A; are weights associated with priorities that you want to
minimize (Ag+A; = 1), p and r are the B19 and RB51 vaccines, respectively. The desired optimal control pair
(p*,r*) is expressed as

J(p*,r )=(p12)1€rle(P,r) (11)

where U represents the set of all Lebesgue measurable control variables expressed by

U = {(p,NI0<p(H=<1,0<r(<1,0</<T}. (12)

3.1. Pontryagin's Maximum Principle
Necessary conditions for optimal control variables and state variables are described as follows. By introducing
adjoin functions, the Pontryagin maximum principle was utilized, and it represents an optimal control in terms of the
state and adjoint functions. The minimization problem (10) is assigned to a Hamiltonian of minimization like the fol-
lowing:
rdS i
dt
dL,,
dt
di,
dt
dL,,

= (13)

H = Ag(Ly, + 1y + Lo, + 1) + Ay (pF+72) + [y, Ay, A3, A4 s, A6, 43 ]
dl,
dt

dvy,
dt

dv,,
dt

where 4;(i = 1,2,3,4,5,6,7) are adjoin functions corresponding to S, L;,1;,L,,1,,V; and V,, respectively. Optimal-
ity conditions for the control problem are supported by the following equations according to Pontryagin maximum

principle:
oH OoH
= =0 14
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Xi

Taking into account a bounded optimal control problem with 0<< p;(f)<<1 and 0<<r;(f)< 1, condition (14) pro-
vides the optimal control pair (p; (¢),7; (1)) as follows

(A1, = A )6, 1
2A,0, ’

(A, = A7)S; |
2A|N; ’

pi(t) = min (max (0,
a7)
7} () = min (max (0,

Condition (15) establishes the state system (3) together with its initial values. Additional requirement (16) pro-
duces the following adjoin system:
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The adjoint system (18) ought to satisfy the so-called transversality condition because we assume a free termi-

nal time for this control problem.
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4, (T) = 4(T) = A3(T) = A4(T) = A5(T) = A6 (T) = 47;,(T) = 0 (26)

As a result, the optimal control represents the optimality condition for the existence of the optimal solution.
(17), the state system (3) and adjoin system (18), which are simultaneously solved. Due to the closed and convex
admissible control and performance index integrand (10) is also convex in J and u, i, then control (17) and minimize
(10). It means that the Pontryagin maximum principle defines optimality in terms of both necessary and sufficient
conditions.

3.2. Numerical Solution

For a model with no control, i.e., p(f) = r(¢) = 0, it results in a system without adjoin system. Thus, we applied
a  forward-in-time  iterative  technique  over state system (3) using initial  conditions
S0)=So, Li(0)=Ly,, [,(0) =1,, L,(0) = L,,, L,(0) = I,, V1(0) =V}, and V,(0) = V,,. We used the forward-
backward sweep method based on the fourth-order Runge-Kutta algorithm as in, however, for a model with control,
the optimality conditions include a set of differential equations with initial conditions and another set with terminal
conditions[32]:

(a) Define the initial guess for control variables p(f) and r(¢);

(b) Solve the initial value problem of state system (3) using forward-in-time;

(c) Find the solution of the backward-in-time the terminal value problem of adjoin system (18);

(d) Compute the new control values (17) using previous results. The update uses the average between current
and past values.;

(e) Calculate performance index;

(f) Iterate the process until desired tolerance.

The numerical solution is well established and it works fine for well-behaved functions. It is important to know
that some knowledge about the systems is required to establish the initial guess. The forward and backward methods
are solved by standard numerical algorithms and two scenarios (global and local) have been designed to test its solu-
tion.

4. Results

According to the 2017 Agricultural Census, the state of Sao Paulo (SP) has a herd of about 8.3 million cattle [33].
For this study, the database provided by the Brazilian Institute for Geography and Statistics (IBGE) was used in rela-
tion to the sizes of cattle in each of the 619 municipalities in the state of Sdo Paulo[33]. The trade connections
between the herds were simulated in order to try to reproduce real networks. According to [34], the distribution of
connections in a cattle movement network follows a power law. Therefore, the scale-free network of Barabasi and
Albert [31] was used, where the hubs are the cities that have the largest herds. Figure 3 shows the cattle trade net-
work in the state of Sdo Paulo, in which the vertices represent the city and the edges represent the trade between
them.
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t

Figure 3. Livestock movement network in the state of Sao Paulo in 2017. Vertices represent the city and the edges
represent the trade between them.

After the trade network was defined, two different scenarios for the spread of brucellosis were analyzed. More
specifically, in the first scenario, the state of Sdo Paulo was considered as a single unit, generating only optimal con-
trol, that is, an equal vaccination was considered for all municipalities in the state. In the second scenario, optimal
control was calculated for each of the municipalities in the state of Sao Paulo, generating 619 optimal control in total.
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Figure 4 shows the p and r vaccination rates as a function of time, where the brown lines represent the vacci-
nation in each of the 619 cities and the black line represents the average for the state. For the simulations, the follow-
ing parameters were used: S;(0) = 0.9N;, L,,(0) =0, I;,(0) =0.025N;, L, (0) =0, I,,(0) = 0.025N;, V. (0) =0,
V5,0)=0, 1,(T)=0, 1,(T)=0, 1,(T)=0, 3(T)=0, 2(T)=0, A5(T)=0, A4,(T)=0, 2;(T)=0 with
i=1{1,2,...,619} and T = 100. Futhermore 8=7.98, y =3/5, u=1/8, =6, p=0.03, « =0.80, Ay = 0.95 and
A; =0.05.
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Figure 4. Vaccination rates p and , as a function of time for each of the cities (brown lines) and the average of vacci-
nation rates (black lines).

Figure 5 shows the comparison of the evolution of brucellosis assuming the optimal control for each city (black
lines) and the average of the optimal control (red lines). It can be observed that when we do not consider the hetero-
geneity of connections and thus adopt only the optimal control for the entire state, the disease will still persist in the
population. However, if we assume different control for each of the cities, the disease will be eradicated.

Figure 5. Evolution of brucellosis propagation using the optimal control for each city (black lines) and the average of
the optimal controls (red lines).

5. Conclusion

In this work, a compartmental model for the spread of brucellosis in conjunction with complex networks was
computationally implemented. Afterwards, the optimal control over the compartmental model was proposed using
Pontryagin's maximum principle, more specifically, a reduction of sick cattle and the number of vaccinated cattle was
proposed. Two different scenarios for the spread of brucellosis in the state of Sdo Paulo were analyzed, in the first
scenario only the common optimal control was considered, that is, homogeneous vaccination for all municipalities in
the state of Sdo Paulo and in the second scenario different optimal control were considered, observing the connec-
tions and sizes of each one of the municipalities, thus creating a heterogeneous vaccination. It was observed that
when the heterogeneity of size and connections is not taken into account, optimal vaccination becomes ineffective in

127



1JNDI, 2022, 1(1): 120—129. https://doi.org/10.53941/ijndi0101011

eradicating the disease.

It is concluded that the evolution of a given disease, in particularly, the brucellosis, is highly sensitive to the net-
work topology used, and that homogeneous vaccination is not a good strategy for brucellosis eradication. Therefore, it
is extremely important to identify the animal transit networks in order to propose effective control measures such as
vaccination and slaughter. An important issue that has not been investigated in this work is related to the dynamics of
the topology of the network. Future work should study mechanisms to incorporate changes in the topology according
to different connections made among farms. We also intend to elaborate an epidemiological model for the dissemi-
nation of this disease in the state of Sao Paulo using the combination of complex networks with a stochastic model,
such as the Individual Based Model. The results would be possible to be compared with real data.
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